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Abstract 

Following systematically the generalized Hamiltonian approach of 
Batalin and Fradkin, we demonstrate the equivalence of a self-dual 
model with the Maxwell-Chern-Simons theory by embedding the for- 
mer second-class theory into a first-class theory. 
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1 Introduction 



It has long been recognized that the addition of a Chern-Simons three-form 
to a Maxwell term in 2+1 dimensions, will generate a topological mass for the 
"photon" [|I| . Another model which also describes the propagation of a single 
massive mode in 2+1 dimensions is the "self-dual" (SD) model originally 
proposed in ref. 0. This suggested a possible equivalence between the 
(second-class) SD-model and the (first-class) Maxwell-Chern-Simons (MCS) 
theory, which has subsequently been demonstrated on a semi-classical level 
by Deser and Jackiw Q]. Since then there appeared a number of papers 
studying different aspects of this equivalence @, il H]. However, a study 
within the generalized canonical framework of Batalin Fradkin and Tyutin 
0, H, allowing for the systematic conversion of second-class systems into 
first-class ones, is lacking. 

In this paper we demonstrate the above equivalence between these two 
models by embedding the SD-model into a gauge theory, following systemat- 
ically the procedure of ref. . The first class constraints and the unitarising 
Hamiltonian are constructed in section 2. We then show in section 3 that 
the partition function of the SD-model and MCS-theory are obtained for 
different choices of gauge, thereby establishing the claimed equivalence as 



a consequence of the Fradkin- Vilkovisky theorem Our conclusions are 
given in section 4. 

2 BF Hamiltonian embedding 

The Lagrangian of the self-dual (SD) model |^ is given by 

= \rf, - ^^^.r^v^ (2.1) 

It describes a pure second-class system with three primary constraints 

To = -kq^Q 
1 



2m 



and a secondary constraint 



Ts = - (f + -e,,d,r ] ^ 0, (2.3) 



m \ m 



where vr^ are the momenta canonically conjugate to f^. The secondary con- 
straint follows from the requirement 

{To(x),iJT}~0, (2.4) 
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where Ht is the total Hamihonian 

Ht = H, + I d^x{v'To + ^ v%) (2.5) 

1=1 

with f °, f * Lagrange multiphers, and the canonical Hamiltonian 

i/e = / d'x [-^rU + . (2.6) 

The non-vanishing Poisson brackets of the constraints are given by 
{To{x),Uy)} = -l^Six-y) 
{Ti{x),Tj{y)} = ^eij6{x-y) 

{T,ix),Uy)} = -^e,,d,6ix-y). (2.7) 

In order to establish the connection of the self-dual model with the Maxwell- 
Chern-Simons (MCS) gauge theory, we now make use of the formalism of 
Batalin, Fradkin and Tyutin 0, |] to embed the second-class SD-model into 
a first-class theory. 

We begin by converting the second-class constraints into first-class ones. 
We closely follow the notation of ref . , with the commutators in this refer- 
ence being obtained from the Poisson brackets via the substitution i{q,p} — »• 
[q,p]. In the notation of the first-class constraints (a = 0, 1,2,3) are 
given by 

T^(x) =T,(x)+ / d'y f dhV2{x,y)u;^p{y,z)4>''{z) (2.8) 



where u^pi^x^y) and the structure functions V^^x^y) are restricted by the 
original second-class constraint algebra. The tensor ujapix, y) is a c-numerical, 
completely antisymmetric invertible matrix, which in our case has zero Grass- 
man signature. The field 0"(a;) satisfies the symplectic algebra 

{0"(x),0^(y)} = a;"'3(x,2/) (2.9) 

where uj'^^^x^y) is the inverse of Ua/3{x,y): 

d^zuj''^x,z)uj^^{z,y) =6'^6{x-y). (2.10) 

For the constraint algebra ( p. 71) a possible choice for ujai3{x,y) and V^{x,y) 
is given by 

^03{x,y) = —6{x-y) 
m 

ujij{x,y) = —eij6{x-y) 

uJoi{x,y) = — \tikdk6{x - y) (2.11) 
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and 



Vo%x,y) =5{x-y) 

with V^{x,y) = V^{y,x). All remaining elements of vanish. 
The inverse a;"^ of uja/s is found from ( p.lO| ) and (|2.11|) to be 



(2.12) 



uj {x,y) 



f 

m 





-a^ 



^2 



m 
/ 



5ix-y) 



In terms of the choice (|2.11|) and (|2.12| ), the first-class constraints 

1 



(2.13) 
I) read 



Tn(x) 



m 
1 



1 



■eikdk(t)^{x) 



T;{x) = Ti{x) + -tikrix) 
m 

T^(x) = n{x) + -(j)'{x) - -^e,^di(j)\x) 
m 



One readily verifies the strongly involutive algebra 

K(a;),T^(y)] = 0. 



(2.14) 



(2.15) 



We next construct the corresponding involutive Hamiltonian H'. Following 
0, it is given by 



H' = i^H[ip]exp J d^x 



d 



dif'^ix 



(2.16) 



</3=0 



where (p'^{x) are real valued fields, and H[(p] is obtained by solving the equa- 
tion 



dp 



t)-'[H[l3if],[n, / rf^xfi„(x)^"(a;)]]. 



(2.17) 



subject to the boundary condition H[0] = He- The operators Q and Qa are 
defined in ref. 0, and in our particular case have the simple form 



n = 



t/\r„(x)C"(x) 



d'yV^{x,y)V,{y) 



(2.18) 



where is the inverse of V^, as given by 



V,'{x,y) = V,'iy,x)=5ix-y) 
Vi{x, y) = Vi{x, y) =6{x-y) 



(2.19) 
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with the remaining matrix elements vanishing. The fields C"{x) and Vi3{x) 
represents a canonical ghost pair with opposite Grassman parity to that of 
the constraints T^: 

[C^{x),P^{y)] = t5^p5{x-y). (2.20) 
Defining the generating functional 

L[ip] = J d'xd%^°{x)V^ix,y)T,{y) (2.21) 

the solution to (|2.17| ) for (3 = 1 can be written in the form 

H[(p] = e'^^^^H,e-'^^'^\ (2.22) 

Expanding the exponentials in powers of L[(f], one finds that the series trun- 
cates after the third term, with the result 

H[^] = H, + [tL,H,] + ^[tL,[iL,H,]] 
= 



2! 



V m 

d^z \^'iz)ip%z) - ^\z)ip'iz) - -eki^%z)di^''iz) 
I m 



(2.23) 



where k and / take the values 1,2. From here, and the definition (|2.16| ) one 
obtains for the involutive Hamiltonian 

H' = H,- J dh m(P%z)T;,{z) + i 1 dh{(P\z)(P'{z) + (P%z)(P%z)) 

- I dh4>\z) {l^e,idj%z) - f\z)^ , (2.24) 

with the strongly involutive property 

[H',Zix)]=0. (2.25) 

One readily checks that the involutive Hamiltonian ( |2.24| ) is obtained from 
the canonical one by a simple translation in the fields 

H' = H,[r + (l)\f + (l)% (2.26) 

This property will be useful in the forthcoming analysis. 

We next proceed to construct the BRST Hamiltonian and the correspond- 
ing partition function. From the work of ref. [0] it is readily seen that 

H' = -f^BRST, (2.27) 
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since H' is strongly involutive. The remaining step concerns the construction 
of the unitarizing Hamiltonian Hu as defined in 

Hu = H^KST + -['^,Q] (2.28) 

where the nilpotent BRST charge Q and the fermion function \1/ are given 
by 

Q = j dhiZC' + p^V'') (2.29) 

^ = J d'ziC^x^ + 'Paqn (2.30) 

and where {q°',Pa) are canonically conjugate multipher fields, and are 
gauge fixing functions having the same statistics as the constraints, and are 
required to satisfy 

rfet{x",T^}^0 (2.31) 

This completes our analysis on the operator level. 

We now consider the partition function corresponding to the unitarizing 
Hamiltonian ( p.28|) : 

Z = J [D^] (det cu)-^/2g*5^ ^2.32) 

where 

Su = Jd'x{n>^r+^r^^p^''+Par+Va.d"+C^p"-H'--^[^,Q]} (2.33) 

and the integration measure [dfi] involves all the fields appearing in the ex- 
ponent. The second term in (|2.33|) is due to the symplectic algebra (p.9|) 
satisfied by the 0-fields, and the field independence of the corresponding 
symplectic metric 0;°'^ Q. This term (including det u) can in principle be 
put into a standard canonical form via a Darboux transformation [10|. In 
the present case it is, however, more convenient, to proceed directly from 
(PI). 

In the following we consider gauge functions which do not depend 
on the multipliers q°',Pa- By suitably rescaling the fields |]1T], [1^ 
X"/l3, Pa — ^ PPa, Ca — ^ PCa (the supcrjacobiau of this transformation is 
unity) and taking (3^0, one can carry out the integrals over the ghost 
variables and multiplier fields, with the result 

Z = J Dn^DrDrS[xWyet[x'',T'f,y^'''''^^^f"+"^'^^^^^ 

(2.34) 

where we have used (|2.26| ) and have dropped {det tu)"^/^, which is just an 
(irrelevant) constant. 
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3 Equivalence of SD and MCS model 



In this section we prove the equivalence of the self-dual 0] and the Maxwell- 



Chern-Simons theory, by using the Fradkin-Vilkovisky theorem ||TT[ stating 
the gauge independence of the partition function ( p.34| ). To start out with, 
we choose a class of gauges resticted by the two gauge conditions 

= 0^ - -5^0° ~ 0, 1 = 1,2 (3.1) 
m 



The other two conditions x° ~ ~ are still arbitrary. Using (3J), all 
momentum integrals as well as 0^, 0^ and 0^ integrals can be done trivially, 
leading to the result 



Z = J DrD<l)''5[xy[x'] 



+-f'f' - TJ^.ie^An' - b'' - ^(5.0°)^} (3.2) 
m 2m^ 2 2m^ J 

where the property eijdicf)^ = 0, following from ( |3.1| ) has been used. Note 



that at least one of the gauge conditions x° ~ X'^ ~ must involve /° in 
order to render the /"-integral finite. 

a) Recovery of the SD-model in the unitary gauge 

Choosing for the remaining gauge conditions 

X° = 0° ^ (3.3) 

x' = T^ = f + -e^Af ^ (3.4) 
m 

one is led to the partition function of the self-dual model, 

Z = I Dr5\f + ^e,,a,/^]e*/^^° (3.5) 

Note that to arrive at this expression, repeated use has been made of the 
gauge condition (|3.4| ). This gauge condition is just the original second-class 
constraint ^ 0. Similarly from 5\T'^] in ( p.34|) we see that the condition 



( p.3|) can also be viewed as the original second-class constraint T = n ^ Q. 
For this reason the above gauge is referred to in the literature 0, |[ as the 
"unitary" gauge. 
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b) Recovery of the MCS model in the Coulomb-like gauge 
Consider the gauge condition [|| 

X',x'--r--eijd,f^0 (3.6) 
m 

Since this gauge imphes dif^ = 0, we refer to it as the Coulomb-hke gauge. 
Using (p. 41), the partition function (|3.2| ) can be put into the form 

z = J DrDcf^Hir - l^^^3^3f] X 

X expz / Sx{-\(tPeijdif + 7-^0° 

- 7^ie^An' - 7^i^^Af)'} (3.7) 
Performing the Gaussian ^^-integration we find 

r 1 -1 

expi J d^x[-^{eijdif)^{ekidkf) 

+—eiiff - -^{e.Afy - (3.8) 

Making repeated use of the gauge condition, the partition function can be 
put into the manifestly covariant form 

Z = I Df^'Slf - ^eijdjfV-^'^'" ^"^'^^ (3.9) 
where Cues is the Maxwell-Chern-Simons Lagrangian 

Cues = -^J.'^r - i^M^A^^V^ (3.10) 

It is simple to see that the gauge condition appearing in ( |3.9| ) is equivalent to 
the Coulomb gauge and Gauss law in that gauge. This completes the proof of 
the equivalence of the self-dual model and the Maxwell-Chern-Simons theory 
within the BF framework. 

4 Conclusion 

The equivalence of the self-dual (SD) model of ref. and the Maxwell- 
Chern-Simons theory has been discussed using different approaches |P, |^, 
^. It was the objective of this paper to demonstrate this equivalence by suit- 
ably extending the phase space of the SD-model, following systematically the 
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procedure of ref. [|^. This involved the conversion of the four second-class 
constraints of the SD model into the first-class ones, and the corresponding 
construction of the unitarising Hamiltonian. The gauge-invariant partition 
function associated with this Hamiltonian was shown to reduce to that of 
the original second-class SD-model in the "unitary gauge" , and to the MCS 
theory in a Coulomb-like gauge. It is interesting to note that the field in 
the embedded partition function ( p.34| ) played the role of either the funda- 
mental field of the SD-model or the gauge potential of the MCS theory, in 
the unitary and Coulomb-like gauge, respectively. 

Finally, we wish to point out that the equivalence investigated here has 
proven useful in the study of abelian bosonization in 2-1-1 dimensions of 



massive fermionic models |]14|, [|15| 
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